I. INTRODUCTION
In a previous work it was argued [1] that with maximal vacuum mixing there is agreement, with minor modifications, between extant observations of solar neutrinos and predictions by the standard solar model (SSM) [2] [3] [4] [5] . The maximal vacuum mixing case considered was that in which the phase of neutrino oscillations coming from the sun is averaged, leading to 50% of the neutrinos arriving at the earth as electron neutrinos. As a result of this averaging, while sin 2 2θ was assumed to be maximal (equal to one), ∆m 2 was not determined and taken to lie in the approximate range 10 −9 < ∆m 2 << 10 −3 with an exclusion of the approximate range 3 × 10 −7 < ∆m 2 < 10 −5 for maximal mixing [6] due to the lack of an observed day-night effect in the SuperKamiokande data [7] .
On the other hand, the recent first results of the SNO measurement of charged current interactions produced by 8 B neutrinos [8] , taken in combination with the elastic scattering result of the Super-Kamiokande collaboration [7] , indicate that only about one third of the neutrinos arriving at the earth from the sun are electron neutrinos, with the other two thirds being µ or τ neutrinos. Oscillation into sterile neutrinos now seems relatively unlikely from the SNO result.
While at first glance this comparison seems to make maximal vacuum mixing less likely, a global analysis of the SNO result with the other solar neutrino experiments, chlorine [10] , Super-Kamiokande [7] , and gallium [11, 12] has led to the conclusion that "the CC measurement by SNO has not changed qualitatively the globally allowed solution space for solar neutrinos, although the CC measurement has provided dramatic and convincing evidence for neutrino oscillations and has strenghened the ths case for active oscillations with large mixing angles [9] ." Furthermore, the global analysis does not completely exclude solutions to the solar neutrino problem in the mass region 10 −10 < ∆m 2 < 10 −8 for maximal (or near maximal) mixing. In the following, the time varying phase of oscillating 7 Be neutrinos is investigated as a possible method to discover (or exclude) a solution of the solar neutrino problem in that mass region.
In the mass region 4×10 −11 < ∆m 2 < 10 −9 there are so-called "just-so" vacuum solutions of the solar neutrino problem, where the phase of the oscillation of 8 B neutrinos coming from the sun is not completely averaged [13, 14] . Recall also [15, 16] , that there is a large change in the 7 Be electron neutrino flux over the year in the 8 B "just-so" region due to the change in phase of order π/2 in a year brought about by the ±1.67% yearly orbital variation from the mean distance of the sun to the earth. It was suggested in Ref. [1] that "if one had sufficient statistics to measure the 7 Be intensity on, say, a daily basis then the change in phase from day to day due to the earth's orbit would be of the same order of magnitude as the phase variation (averaging) at the source, thus allowing an island of ∆m 2 at ∼ 10
(eV) 2 to be explored [1] ." As will be shown in the following, when phase averaging due to the temperature of the sun and phase damping due to the MSW effect are considered, it turns out that phase variation in [18] and HELLAZ [19] .
If the 7 Be neutrinos were truly monoenergetic then the number of neutrinos detected via electron scattering in an experiment like Borexino (normalized to unity for no oscillations)
would take the following form for vacuum oscillations
where θ is the vacuum mixing angle, ∆m 2 is expressed in (eV) 2 , the µ or τ neutrino scattering relative to electron neutrino scattering at 0.862 MeV is 0.21 [20] , and
the distance from the Earth to the center of the sun (in km.), which varies through the year due to the eccentricity ǫ = .0167 of the Earth's orbit about the sun. Note that since we take the number of neutrinos detected as a function of φ rather than of the time of the year there is no 1/L 2 seasonal variation in R; it is canceled by the Jacobian in going from time as an independent variable to φ as an independent variable (Kepler's second law).
It is well known that the 7 Be energy line is both thermally broadened due to the temperature of the sun and effectively broadened by the extended source location in the sun [20] .
First consider the energy E distribution of a 7 Be neutrino produced in a region that has a temperature T :
where
and x = (E − 0.862)/0.862 in MeV. One should properly integrate this expression over the fractional production contributions in the sun
However it turns out if we define a temperature averaged over the SSM neutrino production distribution [4] to obtain the energy spread of 7 Be neutrinos
and use this temperature (14.24 million degrees) for all 7 Be neutrinos coming from the sun, we retain the simple gaussian distribution for the energy spread and find that with this temperature α = 2.663 × 10 6 , and Eq.(3) is an excellent approximation to the more proper Eq.(5) as is shown in Figure 1 where the two expressions are within the plotting linewidth.
For reference, the SSM temperature at the center of the sun is 15.83 million degrees [4] .
For the source broadening one projects the fraction of 7 Be neutrinos produced in each zone (shell) onto the axis running through the center of the sun to the earth. It turns out that the SSM density [4] of 7 Be neutrinos produced as a function of the solar radius is also very close to a gaussian function of the sun's radius. And since projection onto a radius of the density is equivalent to integration of two dimensions of the gaussian one retains the same gaussian form on the axis
where β = 12.416 × 10 6 , and y is the distance on the projection axis of the source element from the center of the sun in units of the distance from the earth to the sun. Fig. 1 also exhibits how well the simple gaussian form reproduces the distribution in the sun. We ignore the temperature correlation between the energy spreading function w t (x) and the effectively much narrower source broadening function w s (y).
Expressing ∆m
or
For clarity and convenience we will retain these constants expicitly and express ∆m 2 in units of 10 −8 (eV ) 2 unless otherwise specified for the rest of this paper.
Since x and y are constrained to contribute to Eq.(9) only when they are much smaller than unity, one may set 1/(1 + x) equal to 1 − x, ignore the insignificant term in xy, and carry out the integration to obtain
Apart from the relatively small effect of cos φ in the exponential, the total effect of broadening is contained in the exponential factor, exp In additon to temperature and source damping of the the oscilations there is a third factor that we may call "MSW damping". With maximal mixing, the phase averaged rate of electron neutrinos does not depend on whether an MSW transition has taken place.
However if an MSW transition has taken place in the sun, then the neutrino emerges as a nearly pure mass eigenstate. In contrast, vacuum oscillations with maximal mixings leads to equal parts of each mass eigenstate. Guth, Randall, and Serna [21] have pointed out the relevance of this difference for matter oscillations in the earth: there can be a day-night effect, even for the case of maximal mixing if there has been an MSW transition in the sun.
Appendix A comprises a short digression on this point.
The treatment in Appendix A assumes phase averaging over the distances involved, due to the larger ∆m 2 values that would come into play in a possible day night effect. Here we are interested in the phase of the vacuum oscillation, since that is our signal. After complete adiabatic MSW conversion there is no phase oscillation because there is only one mass state
propagating (see Eq.(A5)) and thus no interference.
The onset of MSW conversion in the sun with larger ∆m 2 can be investigated numerically by utilzing a piece of computer code adapted from a previous investigation [24] . The rate of 7 Be electron neutrinos emerging from the sun (again normalized to unity for no oscillations)
takes the form
with X the distance from the surface of the sun plus some constant. For maximal mixing: A = 0.5, and B is 0.5 for vacuum oscillations but B vanishes for complete adiabatic conversion.
The top panel in Figure 2 shows how the magnitude of the oscillation for maximum mixing is reduced with increasing ∆m The region that we will investigate spans the range from ∆m 2 ∼ 10 −10 , the "just so" region for 8 B, up to ∆m 2 ∼ 10 −8 , where the broadening averages the phase. As noted above and in Appendix A, one might in principle begin to see a day-night effect [22] with the onset of MSW damping. In fact there would be a sizable day-night effect for maximal mixing at ∆m 2 ∼ 10 −7 [23, 24] (the so called "Low" MSW solution). • . Figure   4 shows the increasing frequency of the oscillations of R(φ, ∆m 2 ) as a function of φ for the ∆m 2 region of 10 −9 to 10 −8 . Note also the decreasing amplitude of the oscillations as they come close to being damped out by the temperature plus source broadening and MSW damping at 0.8 × 10 −8 .
III. OSCILLATIONS: ANALYSIS OF THE SIGNAL
With such a rapid oscillation period throughout the year seen especially in Figure 4 (on the order of several months to several days), one anticipates that for such values of ∆m To test whether the ∆m 2 can be determined by such a method, Monte Carlo data sets have been simulated in the following way. Random numbers are generated uniformly for φ from 0 to 2π in order to cover the year and make use of Eq.(10). In order to weight events according to what would be expected from Eq.(10) with a specific ∆m 2 , a second random number between 0 and 1 is then generated for each φ and a count is generated if the random number is less than R(φ, ∆m 2 ). This is the data set: the collection of specific angles, {φ i }, at which single events are recorded durin a year. Figure 5 shows a sample analysis of a data set generated from 10000 Monte Carlo attempts for ∆m 2 = 0.5 in our units. The top panel shows the expected oscillation pattern, R(φ, 0.5). From Eq.(10) one would expect about 6050 data points to lie below the curve from 10000 random attempts, and in fact a set of 6061 data points {φ i } were generated in this sample. The number of data points in this sample corresponds roughly to a year's running time at Borexino. For analysis one might first consider a Fourier type transformation on the
The solid curve in the middle panel displays |I(0.5, ∆m 
and use |K(∆m 2 , ∆m by the large change in magnitude of the rate throughout the year with a small increment in the value of ∆m 2 .
IV. DISCUSSION
Based on the SNO result it now seem likely that the solar neutrino puzzle has been solved. It is not a deficiency in the standard solar model that is being observed but new physics. Electron neutrinos are oscillating into some combination of µ and τ neutrinos.
Exactly how this happens is perhaps not yet clear, whether by one of the MSW solutions or some vacuum mixing solution. In the previous sections of this paper it has been shown that if the solution to the solar neutrino puzzle happens to be maximal mixing in the mass range Guth, Randall, and Serna [21] have pointed out that there can be a day-night effect, even for the case of maximal mixing. What follows is a compact explication of this point with emphasis on the limits of no MSW and maximal MSW effect in the sun.
The general form for two mass eigenstates in two neutrino mixing is
and
where |ν x > is presumed to be some linear combination of |ν µ > and |ν τ >.
Conversely
In free space mass eigenstates propagate independently. A mixed mass state |ν(t) > then has the form |ν(t) >= e
The probability P s that a neutrino born in the sun is an electron neutrino when it reaches the earth is then
with P 1,2 = |A 1,2 | 2 the average probability of a mass one or mass two eigenstate arriving at the earth where the phase has been averaged by the distances involved. Since P 1 = 1 − P 2 this may also be written equivalently
The probability P that an electron neutrino born in the sun will be an electron neutino after passing through the sun, traveling to the earth, and then passing through the earth is simply
where P 2e is the probability that a mass 2 neutrino entering the earth emerges at the detector as an electron neutrino. Making use of Eq.(A7) this becomes
This expression is the Mikeyev-Smirnov expression [25] for the day night effect, trivially transformed [24] to be most transparent in various limits.
The maximum value for P s occurs for vacuum oscillations
The minimum value for P s occurs for complete adiabatic MSW conversion to a pure mass eigenstate |ν 2 >. In this case from Eq.(A6)
Thus as sin 2θ goes to 1 (maximal mixing) there is no day-night effect for vacuum oscillations and a maximum effect possible in the case of complete adiabatic conversion. 
